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Supercoiled and braided DNA under tension

John F. Markd
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Double-helix DNA has a twist persistence length comparable to its bending persistence length, and thus its
entropic elasticity depends on how much it is twisted. For low amounts of tleiss$ than about one turn per
twist persistence lengthhere is linear elasticity for weak forces, while for large forces there is a threshold at
which all chirality is expelled from the extended polymer configuration. For larger amounts of twist, plectone-
mic supercoiling is stabilized and there ceases to be any extension of the polymer for small forces; large forces
create a mixed state of plectonemic supercoil and extended molecule. The free energy of two DNAs braided
around one another is computed: to insert more than about one braid per persistence length requires expendi-
ture of manykgT per braid. Sufficiently tight braids wrap around themselves to form plectonemic supercoils:
the force-distance behavior of braids should thus be similar to that of twisted DNA. Finally, the relevance of
the thermodynamics of braiding to the disentanglement of large DNAs in living cells is discussed.
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PACS numbd(s): 87.15~v, 36.20.Ey, 64.90:b

I. INTRODUCTION tence lengthC. Since the double helix twists through one
radian every 0.6 nm of contour length, this point is reached
Double-helix DNA is a stiff polymer. In a room tempera- when LKk is perturbed by about 196].
ture agqueous solution, the tangent vector to the molecule is Given sufficient twisting stress, there occurs a buckling
reoriented by thermal bends roughly once every therma&nd wrapping of the double helix around itself in the same
bending persistence lengttA=50 nm [1]. Due to its way that a telephone cord wraps around itself if the receiver
structure—two single strands wrapped around one another-is twisted a few times before it is hung {iBig. 2(a)]. This
the double helix also has twist elasticity. Thermal fluctua-"plectonemic supercoiling” achieves a reduction in twisting
tions cause random twisting by about one radian every twistenergy at the expense of some bending energy and confine-
ing persistence length o€=75 nm [2,3]. This paper ment entropy. Plectonemic interwinding does not allow the
discusses how the entropic elasticity of DNA, or any worm-molecule to traverse distance and will be destabilized by ap-
like chain with twist rigidity, is affected by twisting. plied tension, while an “extended supercoil” state should be
To separate the ends of a DNA by half of its total contourstabilized by tension. This was previously discusiggdand
length requires a tension of abckgT/A~0.08 pN; at this the aim of Sec. Il is to give a more complete and analytical
point, applied tension starts to overwhelm thermally excitecaccount of the theory, including comparison with experi-
bending. Measurement of this entropic elasticity for singlements of Stricket al. [7]. In addition to entropic elasticity
DNA molecules of contour length~10 to 100xm (many  implying plectonemic and extended supercoiling, experiment
persistence lengthss now an experimental reality4,5]. indicates, in agreement with the prediction, that the double
Such experiments exploit the specificity of DNA’s base pair-helix undergoes abrupt structural transitions for forees
ing to make single-stranded attachments of DNAs to microfN if Lk is perturbed by=5%. Without twisting stress, such
scope slides and magnetic bedég. 1(a)]. However, the structural transitions occur for much larger applied forces
molecule can swivel around the single bonds in single~50 pN[8,9].
stranded attachments, eliminating the possibility of applying One can imagine braiding two polymers together so that
twist to the molecule. Both strands must be anchored at bottheir linkage number is fixed. This is analogous to the
ends of the molecule in order to study its elasticity as a

function of twisting[Fig. 1(b)]. N
If the anchoring points are on inpenetrable walls, the to- P \ag
pological linkage humber Lk of the double helix is fixed. The (a)

physics problem relevant to the elasticity of twisted DNA is
therefore the statistical mechanics of the double helix under

tension subject to the constraint of fixed Lk. In generala - ST
DNA with constrained Lk is referred to as “supercoiled.” o coe = -
The shape of a supercoiled DNA becomes highly perturbed (b)

from a random walk when Lk is changed from its equilib-
rium value by more than one link per thermal twist persis- G, 1. Double-stranded DNA witl{a) single-strand attach-
ments andb) double-strand attachments to two parallel “walls.”
The linkage of the two strands is held fixed only(b); Lk may be
*Present address: Department of Physics, The University of llli-defined by continuation of the strands so that they close at infinity
nois at Chicago, 845 West Taylor St., Chicago, IL 60607-7059. (dashed lines
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The two strandg .. are held closely together by hydrogen
bonds to form a cylindrical structure with a diameter of
about 2 nm. Given that the DNA diameter is narrow com-
pared to typical bends, it is useful to chop E#) into two
geometrical quantitiegl3]

Lk = Tw+ Wr. )

The “writhe” Wr is Eq. (1) with r . andr _ eachreplaced by
the central axis (the middle of the cylindrical dsDNjA the
nonlocal Wr measures the contribution of crossings of the
molecule over itself to Lk.

The “twist” Tw is the total local circulation of the
strands around the double-helix central gxig]

FIG. 2. (a) Plectonemic supercoiheavy line represents double-
stranded DNA; (b) a right helix is described by its radil® and
pitch P; the helical repeat is 2P and the contour length of one
turn is 27/ =2m(R?+ P?)12, wheret is the unit tangent to the central axis, ands a unit

vector perpendicular to pointing from the central axis to-
fixed-Lk situation described above, where single strands are/ards one of the strands. It is useful to consider the excess
replaced with double helicies. Strigi al.[7] have achieved twist ATw=Tw—Lk, and the excess linkage
this by micromanipulation of two DNAg§ust one strand of ALk=Lk— Lk, with respect to the relaxed double helix for
each double helix was tethered so that neither of the doublevhich Tw=Lk= Lk,
helix linkages was held fixed; one could imagine doing this Using arc lengtfs to parametrize (s), the excess twist is
with any polymer as the double-helix twist rigidity plays no
role). Circular DNAs are often toroidally linked after their ATw= J'

1
TW=—§;du~t><u, 3
2

replication in cells, and may also be considered to be braids (tXU-dsu= o). @

[10,11]. Section Il discusses the statistical mechanics of

braided DNAs: the free energy as a function of linkage forAssuming an elastic rod model for small distortions of ds-
simple braids is computed: a novel type of “phase separabNA [6,14), the leading term in the twist energy per length
tion” of the braiding is predicted. Highly twisted braids are of DNA is the integrand of Eq4) squared, time€/2. Keep-

found to form plectonemic supercoils analogous to thoseng only this contribution, fluctuations of the twist can be

formed by DNA. Also, the entropic elasticity of braids is integrated(the fixed-Lk constraint affects only total twjst
discussed. Finally, the biophysical implications of theseleaving

problems are discussed, notably the possible role of thermo-

dynamics in the removal of braidlike entanglements, a pro- Ewist C/[27mATW\? 272C
cess that must occur in cells to separate long DNAs after KeTL :E( L ) T2
their replication[12].

(ALk—Wr)2. (5

The final term is the twist energy per length at fixed Lk,
Il. STRETCHING SUPERCOILED DNA giyen the Wr of the configuration. It can be seen_that the
twist energy can be reduced if WALK: the constraint of
Consider a double-stranded DN@IsDNA) of lengthL,  fixed Lk generates a long-ranged interaction which drives
pulled to an extension, attached to walls that may be ro- supercoiling.
tated to twist the moleculéhroughout this papet is the For alinear DNA attached to two walls, Lk is defined by
total contour length of theelaxedDNA in question: under counting the number of full twists that must be made of one
tensions>20 pN the contour length can increase via distor-wall to unlink the intervening DNA strandgyLk is simply
tion of the double helix[8,9]). The long-chain limit the number of twists of the wall needed to relax the mol-
L/A—x is assumed; the recent experiments of Statlal. ecule. To calculate Lk for an arbitrary conformation using
[7] haveL/A~320. Unperturbed dsDNA adopts a helix re- Egs. (1) and (2), one must construct an imaginary closure
peat ofh~3.5 nm containing 10.5 base paiitsp), with an  path outside the walls. It is convenient to suppose that there
equilibrium twist rate ofwg=2m/h~ 1.8 nm 1. A relaxed is zero twist along the closurglashed lines of Fig. (b)],
double helix thus has a linkage of aboutyEkL/h. since then only the Wr of the closure contributes to Lk. If the
closure path is chosen to go out to infinity from the attach-
ment points of the molecule to the wall as straight lines
normal to the walls, the contribution of the closure to Wr
For a closed dsDNA, the linking number of the two may be shown to grow with no faster than~[In(L/A)]*?
closed single strands, andr_ is given by Gauss’ formula (the closure contribution can be shown to be smaller than the
linkage of a straight rod with a random coil for which there
Lk é é droXdr_-(ry—r_) 1 e exact results for Gaussian polymét$] and for self-
Aglr . —r_|? avoiding chaing16]). SinceALk scales withL, for L>A,

A. Linking number of a stretched DNA
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the contribution to Wr of the closure may be ignored, and Lk Folo) _
may be computed using only the Tw and Wr of the linear kB—T:mm

A R? +c s P
2 (RZ+ P2 2| T@0=“TRzp2

DNA. RP
In the experiments of Striclet al. [7], one end of the
molecule is attached to a bead, and therefore one of the +A_1/3(7TP)_2/3+A_1/3R_2/3+W(R)+W(7TP)}.
“walls” of Fig. 1 (b) is effectively only a few micrometers
high. Therefore it is possible for the DNA contour to ther- (8

mally wander over the bead, and thus pass through the ficti-

cious closure path. This, of course, changes the value of LKEhe first two terms give the bending and twisting energy, the
by =2, and some care should be taken to use a large enougtext two terms account for the entropy lost by confining the
bead, and to keep sufficient tension on the DNA, such thaDNA into the superhelix, and the last two terms account for
the linkage does not “leak away” by a series of such eventdlirect electrostatic repulsion of the helicies juxtaposed in the
(no such leakage occurred in the experiments of Stricksupercoil. The bending energyAg2 times the axis curvature

et al). The kinetics of this Lk relaxation would be interesting squared. The twisting energy is of the fo(B), using the Wr

to study as a function of tension; such an experiment comper length for a regular plectoneme,7®/r/L=> P/
prises an artificial “topoisomerase” where the molecule is(P?+R?); upper and lower signs are for right- and left-
able to pass through a gap in its own contour, with a changhanded plectonemes, respectively. The twist energy is mini-

of linkage number oft 2 with each passage. mized, foro>0, by a left-handed plectoneme; below, this
case is consideredr< 0 is obtained simply by reversing the
B. Free energy of stretched twisted DNA handednegs

. . . ) ) The persistence lengths are taken toAe50 nm, and
For a long DNA, linkage is conveniently described using-_ 75 nm. The energy per length kT units of electro-

the intensive excess linking number density=ALK/LKo.  gtatic interactions isw(x) =/gv?Ko(2X/\p), where the
Consider a mixed state with a fractiog of the molecule Bjerrum length/ s =e%/(ekgT) is 0.7 nm in water at 300 K
extended, and & x¢ plectonemically supercoiled. Each plec- Ap=(0.3 nm)/MEi’z for un?valent salt at molarityM, and ’
tonemic region is geometrically nearly a closed loop of DNA,, no e is an effective charge which is 8.4 i for 0.15 M

(imagine pinching off a closed plectoneme at each junction\iacl and 2.5 nmt for 0.01 M NaCl. the two cases consid-
point of extended and plectonemic DNAhus linkage den- .4 ’here{17']. ' '

sities o5 and o, may be defined for the extended and plec-
tonemic regions, respectively,
0=Xs0st(1—Xs)0p.

Given total extensioz the free energy per length [§]

. >~ The plectoneme free energy that results from this free
subject to the constraing,eqy has the following properties.|if| is below a critical
linking numberg* ~0.02, there is no minimum of the free
energy withR and P finite: the confinement entropy cost
= mi overwhelms the ener ain of supercoiling. >g*

HozL)=min[xFos.y)+ (1=x) Fplop)]. (6) plectonemic supercoil%ya?e stable, gnd thei?frzgﬂenergy in-
creases with|a| much slower than that of unsupercoiled
The p|ect0neme free energy per |engfb1 depends on|y on DNA. This ?S because cancellation ALk by Wr, and thel’(?-
o, While the extended free energy per lengthdepends on fore reduction o.f the twist energip), can be achieved \_Nlth

o and extension as a fraction of the length of DNA in the@lmost no bending energy cost for the plectoneme. Figure 3
extended regiony=z/(x.L). The forcef needed to attain Shows the free energy per length of the plectonemic state

Xs:0g

extensionz is obtained from Eq(8), for electrostatic interactions appropri-
ate for 0.14 M and 0.01 M univalent salt concentration.
IF The plectoneme free energy initially increases nearly lin-
f=—r (7)  early for|o|>|o*| due to near-total cancellation of linkage

by writhe. However, once the helicies are squashed together
do the point where the electrostatic interactions begin to

Note that the “pure” plectoneme and extended state inate the twist d. theref the f
have very different elastic behaviors. Plectonemic domaingom'nal €, the twist energy and, theretore, the free energy,
starts to increase quadratically witkr|. For 0.01 M NaCl,

are inextensible by definition since they are closed loops;

The extended “solenoid” regions by contrast may undergoth's change from linear to quadratic dependence is at about

random bends at length scales large compared to their supéfZI =0.04; for 0.15 M NaCl, the shorter range of the electro-

helix repeat, and therefore should display polymerlike lineaStatic interaction delays this to abdut| =0.07 (see Fig. 3
elasticity at low forces. Thus the final “mixed” state can  11iS range of o| where 7, increases nearly linearly sug-

display either of these behaviors for low forces, dependin@€Sts that one might expect “phase coexistence” of domains

on whether it is fully plectoneme, or a partially or fully ex- ©f random coil and supercoil. There exist electron-
tended solenoid. microscope pictures suggestive of coexistence of supercoiled

and disordered, loosely coiled regions on a single circular
DNA [18], but this interpretation must be tempered by the
expectation of strong fluctuations for this one-dimensional
The plectoneme free energy was studied in detail previsystem. Instead of robust phase coexistence of higind
ously[6]. The equilibrium superhelical pitch [the superhe- low-o states, large fluctuations in the structure of supercoils
lical repeat length is 2P, see Fig. &)] and radiusk are  can be expected in the regime whefg grows linearly with
determined variationally from |o|. However, once the DNA is put under tension, extension

C. Plectoneme free energy
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Lo For large forces {>kgT/A), the free energy per length
gl T C ‘ for the solenoid in fixed-force ensemble is of the fdih
E I G(a,f) Ac052y+ c( _l—siny)z fs
0.8 — = > —|owgF¥F———| ———=
Eﬂ ! kgT 272 T 2\77°0 kgT
5 F f 1/2
= i
L + =] .
§ 06f (kBTAsmy) ©)
z I
2 - The solenoid writhe per length,2Nr/L= *(1—siny)//,
g 04 solenoid appears in the twist energy; the bending energy is as in Eq.
& r (8). The twist energy is minimized for>0 by a right-
g - handed solenoid: the formulas below assume this case. The
§ o2 plectoneme . . . ..
. i 0.14 M salt final fluctuation term is the large-force limit of a more com-
& i plicated expression obtained from a detailed calculdt&n
L use of this limit allows the solenoid state to be treated ana-
0'8 00 0.05 II | 0.10 I lytically.
‘ <pecific linking number |o| Minimizing G with respect to /  gives

/' =[(1+siny)A+(1—siny)C)/X, whereX=Cow, measures

FIG. 3. Free energy per length of plectonemic and solenoidaf:"x.csESS Ilnkgge per  twist p'erS|S.tence I?;Eth' Mini-
supercoiled DNA as a function of linking number, f8r=50 nm mizing_g W"j‘h reSp_eCt to siy glves' AlZ _f_/kBT
andC=75 nm. For 0.01 M and 0.14 M univalent salt, the plectone-“L fl(4kgTAsiy), Wh'Ch for large forces is approximately
mic state becomes stable flar|~0.02. In the 0.01 M case, weaker 7 = VKsTA/f. Thus/ is the correlation length for the fluc-
screening of electrostatic interactions leads to an increase in the frégations in the high-force limit, as occurred for plectonemic
energy relative to the 0.14 M case. The solenoid stg. 11D supercoiling[6]. Now the equilibrium value of sipmay be
has a lower free energy than the plectonef@=c. I1Q for solved for

|o| <0.029.
C+A-X/ .
by force will make unsupercoiled-supercoiled phase coexist- siny— TC_A f<f 10
ence more robust, since a large free energy cost will be es- .
tablished for fluctuations of the partitioning. 1, f=f%,

wheref* =kgTX?/(4A), and whereC>A is assumed. Note

the boundary minimum (sip=1) that appears for suffi-
As a model for an extended supercoil, consider a solenoidiently large forces due to the fact thats@iny=<1 (this ef-

of mean radiusR and pitchP [Fig. 2(b)]. One radian of fect was observed in the previously published numerical

superhelix contains a contour length= VR?+ P2. The sine  treatment of the solenoid sta{€]). High enough forces

of the superhelix opening angl€ig. 2(b)] is simy=P//; the  (>f*) thus completely expel the writhe. Note tht is in

case sip=1 is a straight line R=0), while siny=0 is a  the regime where the calculation is viablg &kgT/A) only

circle (P=0). The parameterg” and siny are more conve- whenX>1, and also that iIC<A, siny=1 for all forces.

nient thanR and P for what follows. The free energy of the solenoid f6&kgT/A is therefore

D. Stretched solenoid free energy

2A 2A A X2
[ — — _ < *
1+ C—AX) VKgTT/A (1+ C—A)f kBT2C C—A" f<f
g= X2 (1D
\/kBTf/A—f+kBT§ , f=f*.
|
The extension(as a fraction of molecule lengthis 1 2A 2 2A -2 1
y=—0G/of, or fA Z(lﬁ-ﬁx 1+ﬂ—y) . ys1l-
2A 2A keT | 1 1
_ f <f* Z(1—vy)2 >1-_
y= 1+ C—A 1+ C—AX)/ 4ATIkgT, f<f 4(1 y)74,  y=1 X
1—1N4ATIkgT, f=f*, (13
(12)

To construct a reasonable low-force, low-extension limit
Inversion of Eq.(12) gives force as a function of extension (this regime was not previously describggl) with linear
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elasticity at low force, add termsy+b to the force vs ex- y=1-1/X, and requiring the force to vanish gs»0 fixes
tension, wherea and b are different fory=1—-1/X and the force law(the assumption of linear elasticity at low
<1-1/X. Fory=1-1/X, a+by=y—1/4, since the force forces follows after noting that the extended solenoid state
distance must be the=0 result{19] if the linking numberis can undergo random-walk fluctuations at length scales
expelled from the writhe. Requiring continuity at >/)

r 2 2 2
1 1+C—AX) 1 1+C—AX) y 1 1
A | a 2A 2 4 2A 2 { -ux) Y Ta YSTX
|(B_T:< 1+ﬂ_y) (14‘&) (14)
1 L1 1
\Z(l_y) ty=7 y=l=x

This force vs extension for a variety ¢&| values is shown in Fig. 4, foA=50 nm andC=75 nm. ForX<1, or
|| <0.01, the force is increased from the=0 case only slightly, at small extensions. For largel, more force is required
to obtain a given extension over most of the extension range: only for large fbreEs does the force law revert to the
=0 case.

The free energy is obtained by integration of Ety):

2

r 14+ 2R 1+ 22 2
1 C—-A 1 C—A . y? ) L
4 2A ] 1+—2A>2__ 1 Xt
Floy) c-at C-A X .
keT/A y2 oy 1 A? ) 1 (15
R A — X2, y<1-—
2 4 4 2C(C-A) X
1 1 1 1
Tl wvy-la T2 Ty T4 T2 >1__
217 Yyt e YRl

where the constant of integration has been set by recognizing E. Stress-induced denaturation of stretched twisted DNA

that fory=1—1/X the free energy should be that of a non-  hg gescriptions of the plectoneme and the solenoid states
chiral chain plus the twist free energy per lengthi2C, and  assumed harmonic bending and twisting energies. These ap-
by requiring continuity of the free energy to the regime yroximations can be expected to break down when the en-
ysl—.llx. ) ] ergy associated with twisting or bending becomes compa-
Settingy=0 in Eq. (15 gives a model for the random- rape with the cohesive free energy per length of dsDNA of
coil to solenoidal-supercoil transition: fat<<1, all link is in ~10kgT/nm at 300 K(roughly 3kgT per base paif19)):
twist, while for X>1 some link is transferred to writhe. The his is a force of about 40 pN. DNA should be deformed by
free energy per length of this random coil/solenoid stat&grces larger than this, and recently it was observed that the
Fs(0,0) is shown in Fig. 3; for largX it grows as double helix gradually stretches for forces above about 20
pN, and then abruptly stretches to about twice its relaxed
) contour length at 65 pl8,9]. This length increase is consis-
Fs(0.0) A(A+2C) X (16  tentwith straightening out of the normally helical phosphate-
kgT (A+C)? 2C° sugar backbones. Such drastic changes of double helix struc-
ture will be referred to here as “denaturation.”
The structure of tension-denatured DNA is poorly under-
This is slightly less than the “unscreened” twisting energy stood. Experiments indicate that the work done when the
per lengthX?/2C, and just slightly higher than the solenoid helicies are straightened is significantly less than the free
supercoil free energy calculated previougBl, which had  energy necessary to separate and extend the two strands, sug-
the scaling limit[ A/(A+C)][X?/(2C)]. One should also gesting that the two strands of the stretched molecule are still
note that the plectoneme free energy(o) and the un- base pairedintegration of the force up to the end of the
stretched solenoid free enerdy(o,y=0) are very nearly overstretching “plateau” in Fig. 2 of Ref9] yields a total
equal at the transition poirt*. Thus, the unstretched sole- work done of 13kgT/nm; this is less than the 1KsT/nm
noid state is a reasonable description of a supercoiled DNAelix-coil free energy differencgl9] plus the 12kgT/nm
with |o|<o*. stretching free energy of the two single strands, which may
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ation Eq.(8), is denotedF,,. The linking number of the

O L S I denatured state is assumed to be fixedgt thus Eq.(17) is
- lo| = 0.102 ] minimized subject to the constraint=(1—X)og+Xop.
= 100l - The result is
o, E E
@ 1: ] Fi(o) []:p,o(a')a |0'|<|0'd|
S o10” — o)= ,
2 3 P Fool o)+ Folog)lo—agl, |a[>]oql
0.00 ]
1072 A \ L ‘ L1 ‘ T ‘ IR | [0, |(T|<|O'd| ( )
= 18
0.0 0.2 0.4 0.6 08 1.0
extension Z/L (o-p_o-d)/(o-D_o-d)Y |0-|>|0-d|,

where the denaturation pointy is defined by the equation
FIG. 4. Force vs extension of the extended supercoil state, for
A=50 nm andC=75 nm. For o|<0.01, the behavior is very close
to that of =0 (lowest curveg; as|o| is increased, progressively A—}—p,o(ﬂd)

! —
more force is required to obtain a given extension. fp,o( o4)= (19

Op— 0y

be estimated from Fig. 6 of Reff9]). This is consistent with  This is phase coexistence of plectonemic and denatured
molecular modeling resul{s]. DNA.

The tension necessary to denature DNA will come down Above, denaturation was characterized by the two param-
if the molecule is twisted. Fdir|<0.02 the stress associated etersA andoyp, ; alternatively, it is convenient to use, and
with twisting iskaTnga or ~4kgT/nm (with respectto o, specific linking numbers of the “coexisting” plectone-
the strain variablec which locally jumps by order unity mic and denatured “phases.” The free energy is con-
during denaturation Twisting of |o|~0.02 should therefore structed fromF, o by just extending it linearly fromry to
lead to a few pN reduction in the tension necessary to totallyr . The free energy of the denatured state follows from Eq.

overstretch a DNA. (18) as
For |o|>0.02 supercoiling occurs, raising the question
of whether denaturation will occur in the extended region of A=Fy(og)+(op—0g) Fpl0g). (20
the DNA, or in the plectonemic region of the DNA. For
the twist energy assumed in this paper E§), the mean F. Results and comparison with experiments

twist is the same in the two regions. To completely under- . )
stand where the denaturation will occur requires a detailed Recently, Striclet al.[7] have measured the extension as

model of how twisting is coupled to stretching of the & function of applied force and linking number, for a long
molecule, including nonlinearities that will generate transi-(=50 000 bp=50 kb=17 um) DNA, in buffer with univa-
tions to denatured states. This most general approach is nlt ions at a concentration of 0.01 M. If one assumes
followed in this paper. Instead, the simplifying assumptionA=150 nm andC=75 nm, the denaturation parameterg

is made that denaturation occurs in “bubbles” which do@ndop remain to be set by comparison with experiment.
not contribute to chain extension; this is equivalent to assum- EXperiments were done for positive excess linkages

ing denaturation occurs in the plectonemic region of the?=0.0, 0.01, 0.031, 0.043, and 0.1QFig. S@)]. The
chain. o=0 experimental result agrees quantitatively with previous

For higher forces, elasticity very similar to that of un- measurements of the entropic elasticity of untwisted DNA.
twisted DNA should be observed, since once the initial de-Theoretical force-distance curves are shown in Fig);@he
naturation occurs, the linking number will have been relaxed¢hoicecy=0.12 andop = 1.0 generates a prominent plateau
Denaturation of the remainder of the chdms would be for 0=0.102. These denaturation parameters correspond to a
diagnosed by a factor-of-2 Change in apparent |embu|d free energy of the denatured stadte=14.5 kBT/nm. This is
occur for high forces on the order of 65 pN. Thus there will Similar to the amount of work that must be done to separate
be two force plateaus, the first involving a jump of extensionthe strands of dsDNA19]; the valueop=1 corresponds to
to close to theB-form |ength’ and the second making a fur- a helix repeat of 5 bp instead of the usual 10. The reader is
ther jump to the extended-form lengthoughly twice the cautioned that no other evidence exists for such an over-
B-form length. twisted state of the double helix; however, no other experi-

To describe denaturation in the plectonemic region, only d&nents have been done for such large positive
slight modification of the plectoneme free energy is needed. For 0<0.043, the theoretical and experimental force-
Assuming that denaturation costs a certain free energy pélistance curves are both smooth, indicating no denaturation.
length A, then the free energy of a plectoneme that has unFor c=0.031 and 0.043, theory and experiment agree that
dergone denaturation of a fractionof its length is the force is much higher than that af=0 over most of the

extension range; theory indicates that the plectonemic state is
in coexistence with extended DNA all the way up to the
Folo)=(1=x)Fp ol 0g) +XA, (17) point where the force curve collides with tlhe=0 curve.
For the 0=0.043 case, the finite force at which extension
where o is the linking number in the undenatured plec- starts to occur is close to that observed experimentally; the
toneme region, and where the free energy without denatuexistence of a finite force at zero extension is the first evi-
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FIG. 5. Experimental force vs extension data of Stetlal.[7] FIG. 6. Theoretical force vs extension for twisted DNA, includ-

for twisted dsDNA. For specific linking~=0, the data follow the ing coexistence of plectonemic, extended, and denatured states. All
elasticity law for the wormlike chain, while fdir|>0, force pro-  curves are for 0.01 M univalent saly=50 nm, C=75 nm. (a)
gressively shifts up for a given extensiof@ Overwound DNA.  Overwound DNA ¢4=0.12, op=1.0): Foro<0.01, the force is
The casar=0.01 is only slightly shifted above the=0 curve; the  nearly the same as the=0 curve. Fore=0.031, a large shift in
0=0.031 data are much higher in comparison. &er0.043 force  force is seen, and forr=0.043, force approaches a finite value at
approaches a finite value at zero extension. In the highly twistedero extension, reflecting that the molecule is fully supercoiled. For
caseo=0.102, there is a prominent force plateau at about 3 pNo=0.102, a force plateau at 2 pN occurs, reflecting the appearance
possibly indicating a structural transition or denaturation of theof denatured bubbles along the molecule). Underwound DNA
DNA. (b) Underwound DNA. Folr=—-0.01 and—0.031, the data  (oy=—0.06, op=—2.0): Results foro=—0.01 and—0.031 are
are similar to those for overwound DNA, but a large difference isthe same as in the overwound case, butsfer— 0.043 denaturation
seen foro=0.043, where a force plateau appears at about 0.6 pN¢force plateajioccurs at 0.6 pN. Forr= —0.102 plectonemic DNA
is denatured, so the force plateau extends down to zero extension in

dence that plectonemic supercoiling can be considered ast@at case.
thermodynamic “phase.” Fowr=0.031, experimental and
theoretical forces both dip down near zero extension: in thence between double helix and separated stjariteking
case of theory, this is because at zero tension, theory indthese parameters gives the force-distance curves shown in
cates an equilibrium state which is roughly half plectonemeFig. 6(b). For o= —0.01 and over almost all of the range of
and half solenoid. 0=0.031, theory gives the same result as éo+0.01 and

For 0<0, the double helix is being unwound, and there-0.031. Foro= —0.043, theory indicates that the force at zero
fore should denature at lower forces. Experimental data foextension is finite, and it starts out following the same curve
0.01 M univalent salt shown in Fig.(®) bear this out: as forc=0.043; however, the lowdio| required for dena-
o=—0.043 and 0.102 data indicate a force plateau at aboutiration causes a force plateau at about 0.6 pN. For
0.5 pN, significantly below the force plateau seen foro=-—0.102, the DNA is partially denatured even without
o>0. At the same time, it should be noted that for applied tension, thus the theoretical force plateau extends all
|o|=<0.031 and forces<0.5 pN, the experimental data are the way down to zero extension in this case; as a result, the
quite similar to those fow>0, suggesting that there is a theoretical o=—-0.102 curve is well below that for
range ofc where the DNA elasticity is reasonably harmonic o=0.102 for low extensions.
(i.e., that A=50 nm andC=75 nm are appropriate for The experimental results suggest three regintasfor
0>0 ando<0). Therefore, the differences between over-|o|<0.01 nearly the same elasticity as untwisted DNA is
wound and underwound DNA might be captured simply byobservedb) for 0.01<|o|<0.043 and forces not too large,
the use of different denaturation parameters in the two casethere is significant increase in force for a given extension;

The DNA in supercoiled plasmids is known to form for |o|=0.043 and sufficiently largépN) forces, abrupt
“noncanonical  structures” (i.e., nonB-DNA) for jumps in extension are observed. The theory provides quali-
o=<-0.06, thusoy=—0.06 is plausible for underwound tative insight into each of these effects. Fof <(Cw,) *
DNA [21]. One of those noncanonical formsZsDNA, a  there is no plectonemic supercoiling, and the chain is per-
dsDNA state with one left-handed turn every 10 bp, thusturbed only slightly from ther=0 wormlike-chain behavior;
op=—2 is plausible. These parameters give a denaturetbr |o|>(Cw,) ! not only is the elasticity of the extended
state with free energi =13.7%gT/nm above that of unper- state significantly stiffer than the=0 case, but coexisting
turbed dsDNA(again on the order of the free energy differ- plectonemic supercoils further increase the force required to
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energy (see Fig. 3 An increased range of plectoneme-
extended coexistence at zero force occurs for 0.14 M, mak-
ing the forces turn down at low extensions for<0.06.
However, because this is controlled by the small free energy
difference between the plectoneme and solenoid states for
low |o| and low force, the theory may well be exaggerating
this point.
0.14 M salt No denaturation is included in the results for 0.14 M
R shown in Fig. 7. At higher ionic strength, repulsion between
0.0 0.2 04 0.6 08 10 the phosphates along the DNA is reduced and the double
extension z/L helix is somewhat more stab{the helix melting temperature
increases by about 10 °C for each decade increase in univa-

FIG. 7. Theoretical force vs extension for twisted DNA, for 0.14 |€nt ionic strength However, because the screening length

M univalent salt, and with no denaturatioh=50 nm andC=75 IS reduced, the free energy of the plectoneme is lower for
nm. Results are shown fder|=0, 0.02, 0.031, 0.043, and 0.060, 0.14 M than for 0.01 M, which will tend to concentrate the

and are similar to those obtained for 0.01 M. linking number in the plectonemic supercoils more. These
two effects act in opposite directions, making prediction of

obtain a given extension. Finally, the work done extending &lenaturation as a function of ionic strength problematic.
twisted molecule with pN forces can be 10kgT/nm,
enough to deform the double helix. In particular, for IIl. BRAIDING DNA

o=~ —0.04, a force of 1 pN is sufficient to denature DNA. . .
o . : - Consider two dsDNAs each of length braided together
The force “plateaus” join coexisting states of different ex o that the linking number of either of the strands of one

tension in the same way that pressure plateaus join coexiste_at the | . o
ing phases of three-dimensional matter with different densif:ha”.1 W,'th e|th(_ar of th_e strands of the other IS @ar “cat-
ties. enation”). In this section the case where the linkages of the

An important experimental result is that a finite force is g’y(oesr}:ggg; 'Qf eSat(r:ir(]:IgtSEINvehg:g tnhoet I)Dr(aeigilerz gk&gd\,’v:; n
required to start extending the molecule fet bigger than P '

roughly 0.04. This effect was predicted by theory on theable.to swivel af.OU”d smgle—strandeq a;tachmé?_}].s L
basis that the plectonemic state, for which extension must be Since the mam.experlmental application of this section Is
zero, has a much lower free energy than extended states. Tf'noethe s’;udy'of br?ur:i]ed DN.?‘S'. a usl'eflgl measure of ]E:atenatlon
plectonemic state behaves as a stable thermodynamical ph 132S a ralctu‘)‘n N t. € equl |br|L_Jm”|n Tg number o qSDNA
on which work must be done to convert it to extended solel "1 This “specific catenation”oc=2mCa/(wol) is a

noid DNA. At zero applied force, there is no extended Sole_convement dimensionless measure of catenation per length,

noid for sufficiently largdo|, thus the linear elasticity of the g?\?Agut%V‘;ﬁoiaesng;mgfgglz Tj %thgi g}[%?;ﬁ:;ersegi::‘;ﬁ&f_ed
pure solenoid state of Sec. Il D is hidden. P

Although the theory gives a good qualitative account ofﬁ}ges' ltt rr?ut?tnbe errr:pgatsr:z;ad t{]hatnt;ie us?t()gi)ttro rnorri?]allng A
the experimental data, the forces given by it in regirbg ( € catenation per iength 1S otherwise arbitrary since

are systematically below corresponding experimental value W|st|ng plalys no LOIe n ttr)'.'s ;ectlofngte th:}Lthe r_eshults
by roughly a factor of 2. This problem is most severe for the epena only on the com '”f”‘“o‘m.c“’o—?wc. ) Right-
caseo=0.01 where theory predicts nearly the same force—handEd braids are assumed in this section, &gz 0.
distance behavior as far= 0, while the experimental forces
are significantly higher. Settingc=100 nm moves the A. Free energy of braids without tension
|| =0.01 theoretical forces closer to the experimental data.
On the other hand, these data are in the regime where the
present theory is not precigeecall that the low-force ex- If the amount of DNA per radian of braid exceeds a bend-
tended solenoid free energy was constructed mainly heurigng persistence length, or X.=o.woA=27CaA/L<1, the
tically, without a complete calculation of the large-scale con-DNAs will undergo random-coillike fluctuations between
formational fluctuations; also, the calculation of the successive braidings. Sinéde~50 nm andwo~1.8 nm™?,
plectonemic free energy is at best accurate-tgT/A dueto  this case occurs fos.<0.01. The braiding free energy for
neglect of the entropy of its bending and branchifdonte  such “loose braids” may be estimated using a linear re-
Carlo calculations are needed to study Iw{ and low sponse approach similar to that used for supercoilBly
forces in more detail, and might allo@ to be fit to experi-  This begins with an estimate of the catenation squared of two
mental datd20]. closed random walks which are constrained to be near one
Figure 7 shows theoretical force-distance curves for 0.14nother at one point. From the Gauss integfd),
M univalent ionic strengtiithe only difference from the 0.01 (C&)~In[L/A]. The wandering apart of the two chains
M case is the use of different electrostatic interactions in themakes this “spontaneous catenation” of two random walks
plectonemic state free enejgyOverall, the force-distance [15] much less than the spontaneous writhe of a single ran-
behavior is rather similar to that observed at 0.01 M; how-dom walk relevant for supercoilings], (Wr?)~L/A.
ever, for small extensions, the forces are below the 0.01 M The free energy for fixed GaL/A is therefore
results, and for large extensions, the forces are above tho$g~ w?kgTCa/(2IN[L/2A]) (the numerical factors are from
of 0.01 M, due to the different shape of the plectonemic freghe theory of wrapping of a self-avoiding chain around a line

]
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[16]). In this regime, braiding will have little effect on the

chain conformations apart from their colocalization, since Lor T T 7/
there are many persistence lengths per bffid very long E [ i
DNAs some swelling of the chains will arise due to 3 - b .
excluded-volume interactionsTherefore the chain radius K 0.8~ ]
will remain roughly Rz~ (2AL)Y2 in the loose braiding re- < i 1
gime. ‘5’0 - il
S 06— 0.01 M salt —
2. Tight braids % i ]
If X.>1, each radian of braid contains less than a persis- & o.4]— b ]
tence length, and well-defined braids will occur with each - i ]
chain forming a superhelix of average radRsand pitchP %“ - P .
[Fig. 2(b)]. For the moment it is assumed that that the braid § o2 014 M _]
axis has no appreciable writhe, so the catenation number is ¢ i ]
Ca=L/(2w/), where /?=R?+P?. Thus the topological & L 1
constraint sets”’=1/(o.wg) =A/X;. ool 1 T
The catenation free energy per length, tajw,A>1, is 0.00 0.05 0.10
Eqg. (8) without the twist energy term specific catenation |o|
Fu(oo) A FIG. 8. Free energy per length of DNA, for two dsDNAs
=min| = (o.wo) *R?+ A~ YPR™2B+ A~ 13(7p) 23 braided with specific catenation of., in the tight braiding regime.
kgT R 2 Results are shown for 0.01 M and 0.14 M univalent salt, and for

A=50 nm. The curves labeledb™ show the result for unsuper-
+wW(R)+wW(7P)|. (21) coiled(stra_igh) braids, while thos_e labeledp"” show the result for
plectonemically supercoiled braids.

The first term is the average bending energy, the second afil4 M case; these start out on the order of a persistence
third are the entropy cost of confinement of the DNA in alength for o.~0.01, and drop to a few nanometers when
braid. The final terms are direct electrostatic interactions ofr,~0.05.

the two DNAs in the braid, important whéor 7P become ~ The slope of the tight braid catenation free energy shown
comparable with the screening length . Minimization of  in Fig. 8 is proportional to the work done on the straight
Eq. (21) determinesR. braid with o, per unit increase in Ca. The free energy

To understand the scaling behavior of ER1), consider ~ change of the braided DNAs per added catenatiig. 10
only the bending and entropic repulsion terms dependent ol$
R1
dF. d(2LF) 47 dF.

Fo(ao) Alkg T=XI(RIA)2/2+ (AIR)?3, (22 dCa dCa  wgydo.’

(23

which has its minimum aR= (2/3)¥3A/x3? as the braid is At the beginning of the regime where Eg1) is reasonable,

tightened, its radius is reduced. The free energy per length §¢=1 0r 0c~=0.01, this is already 2QT per braidthe re-
]-%/kBT=2(2/3)3’4Xc/A=47r(2/3)3’4Ca/L: eachgyra[\)dian c?f sult obtained from Eq(22) is 87(2/3)**%3zT] and then fur-

braid introduces one more constraint into the polymer Con:[her increases as the electrostatic interactions start to force

formation, and costs on the order okgT. The free energy the free energy to increase quadratically éor bigger than
per length becomes on the order@fT/A for X.~1, near to abs)l_l# 0'0.5' liaht itv in the braid f f
the edge of the tight braiding regime. Finally, the correlation ere 1S a sught nonconvexity in the braid iree energy o

length for the fluctuations of the chain inside the braid isF?g' 8, and a corresponding region of slight negative slope in

£~ ABR?3~ A/X_= 1/(o.wq), just the length of DNA in a Fig. 10. This arises from the linearity ior. of the scaling

radian of braid, the same as for plectonemic supercoile art of the free energy, leaving convexity to be determined
DNA [6] ’ y correction terms: it turns out that for E(R1) the free

Figure 8 shows the free energy of the straight braid, as gnergy is slightly nonconvex. This is a weak effect which is
function of o, for A=50 nm and for 0.01 and 0.14 M easily overwhelmed by slight changes to the form of Eq.

univalent salt, obtained from minimization of E@1) with ‘(,21)' But, if th|_s Qonconvexﬂy survives, it will lead to
respect toR. For 0.01 M, the free energy rises linearly with _phase s_eparatlon of the braiding into regions character-
o until abouto,=0.03, after which the electrostatic inter- ized by differentor.
actions begin to dominate, and the free energy rises quadrati-
cally with o.. For 0.14 M, the shorter screening length de-
lays the upturn in the free energy from its initial linear rise to A more robust braid phase separation phenomenon is
abouto.=0.06. The catenation free energy is very similar toimplied by comparison of the tight and loose braid free
the free energy for a plectonemically supercoiled DNAg.  energies. The free energy per added catenation in the

3). Figure 9 shows the straight braid radius and pitch for theight braid regimg23) is less than the free energy per added

3. Phase separation of tight and loose braids



55 SUPERCOILED AND BRAIDED DNA UNDER TENSION 1767

" Y ‘ | T 100 71— T T | —— | B T T T T
r (a) B L B
20 — unsupercoiled — T = J
braid E 80— 0.01 M —
—~ = L ]
E o 1 5 ]
o P 1 2 60 ]
el o + i
g - . 3 L i
S 10— — © i ]
o] o]
& plectoneme 5 40 — —
< 3 superradius N F g
L _ 5 - ]
£ L i
[}
r S — o RO 0.14 M —
L ] £ i i
O L 1 1 L ‘ L L L L ‘ 1 1 L L \ 1 L L Il I ] i L Il : ‘ 1 :
0.00 0.02 0.04 0.08 0.08 0.10 ol Lo L b
specific catenation ‘gc‘ 0.00 0.02 0.04 0.06 0.08 0.10
specific catenation o]
[ T T T T | T T T T ‘ T T T T ‘ T T T T | T T T T ]
o FIG. 10. Free energy to add one more braid to two DNAs with
F braid pitch (b) B . . . . L .
specific catenationr., in the tight braiding regime. Results are
20— — shown for 0.01 and 0.14 M univalent salt, {ar=50 nm. Addition
- - plectoneme of a braid requires more than 2QT for |o|=0.01.
g superpitch
£ computer simulation of braided chains. Experimentally, co-
w2 . . . .
e i existence of tightly and loosely braided domains at lew
P! - might be observed using fluorescence microscopy.
o,
o 10 - )
E 4. Supercoiling of a braid
o i . . .
| At what value of o, will braided DNAs supercoil? A
| well-defined braid X;.>1) may be roughly considered to be
a double-helix polymer with persistence length of roughly
i ] Agr=2A, since it is made up of two intertwined chains each
) RSN U AN RS S with persistence lengtA. The effective twisting persistence

0.00 0.02 0.04 0.06 0.08 0.10
specific catenation |o |

length is Ceg= 0% Fo(0c)/ d(ocwo)?, Which is zero for the
scaling solution discussed above. So, braids Witk 1 have
FIG. 9. Geometry of braided DNAs, for 0.14 M univalent salt, an effective bendlng_ modulus higher than that of dsDNA,
andA=50 nm. Radii(a) and pitchegb) are shown as a function of anq an effective twisting moq.ulus' lower than that of dSDNA'
o, . For o,<0.06, the unsupercoile@traight braid is stable, while This suggests that sup_ercomng is less favorable for br_alds
for o larger than about 0.06, plectonemically supercoiled braidé_han for dSSDNA—there is less twist energy to relax by writh-

are stable. The braid radius and pitchurves starting ar,~0.06, N9 o _ _ _ .
near to unsupercoiled radius and pitch cujvelsange by only a To address this in more detail, consider a helical braid of

small amount when the braid supercoils. The superradius and sidtch P and radiusR, wrapped into a superhelix of super-

perpitch(upper curves for.>0.06) are larger than the braid radius pitth P and superradiusR; define /?=R?*+P? and

and pitch. L£2=TR2?+7P%. The tangent vectors, of the two braided
DNAs in space-fixed coordinates can be constructed by com-

osing two rotations
catenation of loose braids]F./dCa~ w?kgTCa/IL/2A], P g

for Ca>(8/7)(2/3)*4n[L/2A]~2In[L/2A]. In this regime, Ps Ps

addition of loose braids is energetically unfavorable, and in- COS— —sin— O
stead, added braids will be tight. Therefore /L /L 0 1
for large L/A, in the range L/A>Ca>In[L/A] phase ¢ —| Ps Ps E RIL iEcos(s//”) 0
separation of tight and loose braids should occur. In "~ sm/—ﬁ COS/—£ o\~ PIr 0
contrast to the case of phase coexistence of supercoiled states '
mentioned in Sec. Il C, the Independence of the loose- 0 0 1
braid free energy permits macroscopic braid phase separa- 0
tion.

Braid phase separation will cause the free energy per I;sin(s//) -PIL]| . (29
added braid of Fig. 10 to take on a nearly constant value ’ RIL

~20kgT down to low values ofo.~ (27 wglL)In[L/2A].
This surprising possibility needs further exploration with The column vectors on the RHS are the tangent, normal, and



1768 JOHN F. MARKO 55

binormal vectors for the superhelix, in cylindrical coordi- Feploe) _ A PP\ 2 ) P4R2  P2R2R?
nates{r,,z}. The braiding of the DNAs is generated by —j —  — Min [2—/4 I+ 72| R+ —
right-handed rotation of the DNA tangent vectehosen to ® RR.P
make a superhelix opening angje=sin 'P//) around the 1 1
superhelix one turn everyz2/ change irs. Space-fixed co- + Atz tW(R)+ WJFZW(R)
ordinates are obtained by rotating the cylindrical coordinates
one turn for each 2£//P change ins. Here,P is signed: 1
P>0 generates a right-handed superhelx; 0 generates a + W"'W(”PH 2(2A)B(7p)2B
left-handed one.

The tangent to the curve traced by the midpoint +ow(mP) . 26)

between points at the same& on the two helicies is

t=(/1P)(t, +t_)/2; the factor of//P normalizes the mid- )
point tangent, making up for the length “stored” in the he- 1hese terms account for the bending energy from [8),

lical braid. Integration of verifies that this midpoint follows e free energy cost of confining DNA in a braid of radius
a superhelix of pitchP and radiusR. R, direct interactions across the. braid of rade,st'he free .
The curvature squared of the superhelical braids may b&n€rdy cost of confining the braid to a superhelix of radius
computed, and averaged ow&to yield R (2A is taken as the braid persistence Iength; the additional
1/2 comes from the fact that the free energy is per length of
DNA which is 2L for the braid, and additional direct inter-
actions across the superhelix of radi®s The final terms

T 4 o2 2 2 292192 account for entropic and direct interactions in the case that
(dt_‘—') = P_A &4+ R_4( 1+ P_IZ + R P47i (25) the pitches become small.
ds 7L / L 2/°L The free energy(26) reduces to the unsupercoiled

braid free energy21) for R, P— . For small enouglX, the
unsupercoiled braid state is recovered, while for lage

There weres-dependentoscillating terms in the curvature supercoiled states become stable. Numerical minimization
before averaging, as Eq24) is not a stationary state of of Eq. (26) gives the plectonemic state free energies
elasticity theory. Consider a few special cases. If the braighown in Fig. 8, for 0.01 M and 0.14 M salt. The stable
radiusR=0, the two tangents. reduce to the superhelix plectonemes all have opposite superhelix and braid helix
tangentt, and Eq.(25 becomesR?/L*. If R=w, there handedness.
is no curvature of the superhelix, and E@5 becomes For 0.14 M, there is no plectonemic minimum until
just the curvature squared of the braRf//*. If R=0, the  ¢.~0.06; the free energy of the plectoneme does not
superhelix degenerates to tie axis, and Eq.(25 be-  drop below that of the straight braid untit,~0.07. At
comes (- P/P)?R?//*. In this case, the superhelix acts to 0.01 M, the plectoneme state appears at ahsut 0.04
change the rate of rotation of the braid: note that ifand becomes lower in free energy than the straight braid at
P=—P, the curvature vanishes, as the two tangents becomg_~0.045. The plectoneme braid is stabilized relative
just t.(s)=z. In general, this effect of unwinding of to the straight braid by stronger electrostatic interactions
the braid by the superhelix results in a reduction of the cur{which impart additional effective twist rigidity to the braid,
vature energy if the sign dP is set opposite to that d®, Fig. 8). Figure 9 includes the superradius and superpitch for
relative to the case where the two helicies have the samie 0.14 M plectonemic state; the superradius is slightly
handedness. larger than the braid radiughe supercoiled braids thus do

The catenation number of the superhelical braid may beot interpenetrajeand the superpitch stays reasonably large
computed using the fact that it is invariant under deformatiorcompared to the braid pitcfthis is also true for the 0.01 M
of the two braided curves onto the midpoint superhédix-  statg. When the plectoneme forms, the braid radius and
suming that no “accidental” crossings of the braids occurpitch are only slightly shifted from their straight-braid val-
during this procegs One such deformation is obtained by ues.
taking R—0. This deformation gives the familiar ribbon  The main difference of this model from that for super-
model of a superhelical DNA with constant radi&s and  coiled DNA is that the braid has peculiar effective twisting
pitch P, and of total lengthLP//. The ribbon twist per elasticity. In the theory of supercoiling of DNA, the har-
length of superhelix is 2Tw/(LP//)=1/P+ P/ L2, the sum monic twist elasticity plays an essential role: writhing is
of the one radian every distan&along the superhelix that driven so as to reduce the DNA twist. In the supercoiled
the ribbon director turns around the superhelix bending norbraid, the twistlike energy is subharmonic in form, and
mal vector, and the superhelix torsipi9]. writhing is thus not strongly drive(note that the supercoiled

The ribbon writhe per length of superhelix is braid free energies are only slightly lower than those for the
2wWr/(LP//)=—"PIL? for plectonemic supercoiling. The straight braids The bending energy term which drives the
total catenation number of the braid is the sum of the totalvrithing of the braid is the first one in E¢26), which ac-
twist and writhe, 2rCallL = o.wy=1// for the plectoneme counts for the interaction of the chirality of the braid and of
(for solenoidal supercoiling, the corresponding result isthe superhelix: opposite chiralities of the braid and superhe-
o.wo=[1+sign(P)P/L]I/). lix tend to reduce the bending energy by “untwisting” the

The free energy per length of DNA for a supercoiled braid. This term is roughly analogous to the twist energy for
braid is supercoiled DNA.
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5. Toroidal catenanes Once the braid is straightened, one must worry about its

Imagine closing two braided DNAs to obtain a toroidal strgtching. For high enough fqrces, the correll?ztion'length for
link of two circular DNAs. Such toroidal links(“cat-  °rdinary dsDNA under tensionf=(kgTA/f)™ will be
enanes’ of DNA molecules are produced in cells when cir- Smaller than the length of DNA in a braiéy X (which is
cular DNAs are duplicated11]. The preceding theory for alsc_) the thermal corlrelat|on length fpr. fluctuatlon§ in _the
braid supercoiling should apply to catenanes. In fact, p|ecbrald under zero tensionThus the_elastlcny of the braid will
tonemic supercoiling has been observed in Monte Carldeduge to that of two DNAs in parallel, Eq27), for
(MC) simulations of catenang40]. Most of the simulations f>XckgT/A. _ _
were for a hard-core interaction that corresponded to 0.01 M This conclusion can be obtained from a more detailed
NaCl, and plectonemic configurations were observed onhgalqulation of the stretching of the DNA in a straightened-out
for |o,|>0.05(see Fig. 6 and p. 1138 of R¢L0]), in agree-  braid, whereR<P and the fluctuations are small. The free
ment with the calculations of the preceding section. energy of the braid in the fluctuating-length ensemble is Eq.

Electron microscopy of 3.5 kb plasmids has been dond21) minus (f/2)(z/L) (the 2 accounts for the sharing of the
[11] for Ca<18, or for 0.<0.054. The plasmids were tension by the two braided chajnsThe extension fraction
“nicked” so that the double-helix linkages were allowed to z/L is reduced by two effects: first, the helix structure of the
freely fluctuate. Although the braid axis collapses onto itselforaid reducesz/L by a factorP//. A further reduction of
as Ca is increase(see Fig. 3 of Ref[11]), plectonemic length arises from thermal fluctuations. This second, thermal
supercoiling was not obvious. Higher Ca should be studiedength reduction may be estimated from the average orienta-
(Ca>20), since both theory and simulation indicate thattion of a chain confined to a tube of radil® which is

0.>0.05 is the regime where braid supercoiling occurs. 1~ (R/A)?¥4 (the mean angle the chain makes with the tube
is ~R/&, where the correlation length~AY3R?3 s that of a

wormlike chain confined in a tubé]; the orientation is the
cosine of that ang)e The free energy at fixed force is there-
1. Loose braid9X.<1) fore

For low forces §<kgT/A) one expects linear polymer

B. Force-distance behavior of a braid

elasticity, focz, ignoring excluded volume effects. For M:min é(a wg)*R2+A"1BR-23
X.=0 there are two independent chains, and the force versus ksT Rl2 meme

distance should be just that of two DNAs in parallel, or fp R23

f~(3kgT/A)z/L. For largerX;>0 but still X.<1, it was — __/(1_ W) i (28)
argued that the chain conformations should not be strongly 27/ 4A

perturbed from random coils over most of their length, and
thus little change in the elasticity will o is in-
cronsed. g y ceur a& Is - cetting P//=1—R%/(2/?) (RI/ will be driven to
The situation can be made slightly more precise for Iarg@eri n _}gat_z,gl'm':' U‘f _2,§°m'r.‘a”t. terms ~ are
forces: since the mean interbraid distancerld) is larger Ge! BT_ﬁ R,3,4+( [B)RTA Wh',clrfz Is_minimized
than the persistence length, for high forces>kgT/A) f(;r R=A(1/8) .S.o,z/L=1.—(2fA) , the extension
which establish a thermal correlation length smaller than © abDNg\_ under tensiori/2. -I]:h's hOId.S as Iong_ as the lead-
[19], the elasticity will be essentially unaffected by the braid-'"9 Zen Ing energy term o EC{ZS). IS negligible, or.for
ing. Thus the elasticity fof >kgT/A will again reduce to f>xlckBT/A2 as argued above. Braiding thus establishes a
that of two DNAs in parallel. In summary, for two loosely t€nsion ofXckgT/A.
braided DNAs each of length, a reasonable estimate of the
force required to obtain extensianis just[19] IV. DISCUSSION

For large forces the behavior of E(R8) is revealed

2kgT [ z 1 1 This paper has discussed the elasticity of polymers subject
N E+ 4(1_2”_)2— 4l 27 to topological constraint. Most of what has been presented
either has been, or can be studied experimentally. Section Il
2. Tight braids(X,>1) Qisqussed the problem of the elasticity of dSDNA where the
: c linking number of the two strands was held fixed. If Lk is
In this regime the force needed to achieve a given extenrear the equilibrium value of one link per 10.5 bp, the elas-
sionz increases with increasing. . If there is no supercoil- ticity reduces to that of a wormlike chain, and is character-
ing (low enoughX.), then for low forcesf <kgT/A, linear ized by the forcekgT/A~0.08 pN. For small changes of Lk
elasticity of the general fornfi~(kgT/A)z/L should be ob- from this value, there is little change in the elasticity; to
served; the prefactor should slowly rise wiXh . perturb the polymer elasticity]Lk—Lky| must exceed
If the braid is fully supercoiled at zero tension roughly one link for each twisting persistence len@tk 75
(o.>0.05), no extension will occur below a threshold force,nm (about 220 bpalong the molecule; this corresponds to a
reflecting the fact that some work must be done to converspecific linking change of abouitr|>0.01. For larger link-
the supercoiled braid into an extended braid. The extensioage change, the force needed to obtain a given extension is
should rapidly increase with force as the supercoiled braid isncreased significantly over most of the extension range. For
converted to an extended braid in a fashion similar to theo|>0.03, plectonemic supercoils are stable at low forces,
conversion of supercoiled DNA to extended DNA computedand once the entire polymer is bound to itself as a plectone-
above. mic supercoil, a finite force should be required to achieve
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any extension at all. For sufficiently larder| and force, Biological relevance
enough work is done on the DNA that one can expect the The prajding free energy is relevant to an important bio-
double helix to undergo abrupt structural transitions. logical problem, the initial stages of separation of replicated

These effects were predict¢€i] and recently have been pNAs. Replication of a long DNA occurs by separation of
experimentally observe]. Section Il emphasizes that the the two complementary single “parent” strands, each of
analytical theory gives a good account of these experimentsvhich acts as a template for synthesis of new strands. The
The elastic parameters were not(fite valuesA=50 nm and  enzymatic machinery that accomplishes this feat is located
C=75 nm are taken from previous experimgntnd theory near the seperatrix between the parent strands, the “replica-
and experiment agree well in the regime where the elasticityion fork,” and moves progressively down the molecule. The
is primarily entropic. size of regions of DNA that are replicated by one f¢tkep-

Experimental data for force “plateaus” allows the dena-lication units”) are about 10 bp, and are much larger than
turation parameters-y and o, to be fit for over- and un- the replication machinery.
dertwisted DNA. The free energy of the new DNA states is  The parent strands, originating as dsDNA, are catenated
roughly 15kgT/nm above the free energy of the unperturbed®nce every 10.5 bp. For the replicated molecules to be physi-
double helix, reasonable since it is known that the free enc@lly separatedthey are bound for different cells in the case
ergy of the double helix is on the order of kgT/nm lower of chromosomal DNAEsevery oneof these catenations must

than separated single strands. The crude model used hé?gt\rlve.nlogeqlf]' Befo:ce;r:er;llcliltlljon, the&;ﬁﬂ;%géei?unmbe
supposes that denaturation occurs in plectonemelik ntwisted upstream ot the Tork Dy enzy

. - . . . coli, the enzyme gyrase is believed to do thSuch en-
bubbles” which do not contribute to the total chain exten- ymes act locally, and can greatly reduce the linkage of the

sion; both t_he number of paramgters and the complexity o arents, but they cannot be expected to be able to sense when
the calculation are reduced by this assumption. A more ge he linkage is exactly zero: the daughter DNAs will end up

eral model might allow a better description of some asPeCtBraided[lZ].

of the experimental datée.g., the shift in extension away Remnant catenations of the replicated daughter DNAs
from the 0=0 curve above the denaturation platgaand st be removed by the passage of one daughter DNA
unify the denaturation of twisted DNA with the overstretch- through the other, by the action of a type Il topoisomerase
ing transition observed at high forces for=0 [8,9]. An  enzyme(in E. coli, these are gyrase, and topoisomerase IV
immediately obvious feature of an extensible wormlike-Once again, since these enzymes act locally, they cannot
chain model of DNA is that stretching will be linearly sense when the catenation has been reduced to precisely
coupled to twist; this is a consequence of chirality of thezero. A locally acting decatenation process can at best sys-
double helix, which eliminates twist reversal as a symmetrytematically reduce Ca to the level whekgT of free energy
[14]. A consequence of this coupling is that external stresseis liberated per double strand passage event. Below this level
on a chain(e.g., hydrodynamic dragan couple to the twist of catenation, thermal fluctuations generate as much stress in
degrees of freedom of DNA in a solution, indicating thatthe DNA as the catenation, and Ca will fluctuate thermally.
twisting and writhing may play a role during stress relaxation In Sec. Il it was found that adding more than one braid
in solutions of twist-storing polymers. per persistence length costs appreciably more thigsTeper
Strick et al. have also braided two DNAs around one an-braid. It is therefore reasonable to suppose that this free en-
other[7]. In this case, the catenation number Ca of the twaoergy gain can guide topoisomerases to relax the catenation of
double helicies with each other is constrained. For smaltwo DNAs to the lower edge of the tight braid regime, or to
enough Ca, the free energy of addition of one braid is smalCa~L/A. Relaxation to lower Ca value§.e., into the re-
compared tokgT. However, for more than one braid per gime where tight and loose braids coexigtquires equilibra-
persistence length, or fdo|>0.01, each successive braid tion of the DNAs on length scales much larger than a persis-
costs a free energy of about 2¢T. This holds until the tence length, and can be expected to occur sluggishly, or not
braid is so tight that direct electrostatic repulsion between that all. Therefore, in the absence of other mechanisms for
two DNAs starts to drive the free energy to increase everdecatenation, topoisomerases acting on duplicate sister
more quickly(for roughly|o¢|>0.05). At this point, it starts DNAs will leave one braid every few hundred ltpn the
to become favorable for the braid itself to supercoil. Braidsorder of hundreds per replication unit
will thus have force-distance behavior reminiscent of that of This could be directly studied in an experiment on braided
supercoiled DNA. A final intriguing feature of sufficiently DNAs similar to that of Stricket al; [7] but with topo-

long braided DNAs is that for [h/A]<Ca<L/A, there will  isomerase Il present. The decatenation rate for topo Il at a
be “phase separation” of the braids into domains of tightgiven concentration will drop to zero fo€d <L/A or for
and loose braiding. |o|<0.01; below this level Ca will “diffuse” rather than

The braid results should also apply to braids of polymerslecreasing systematically with time.

other than DNA, to high-order catenanes of two DNAs, and How is Ca systematically reduced to precisely zero? In
to toroidal knots of high ordefobtained by linking the ends prokaryote cells, DNA plasmidg&ircles of 1 kb to 100 kb

of a single plectonemically supercoiled IgopThe tech- are believed to be decatenated by “decatenase” enzymes.
niques of this paper might be applied more generally toBacteria deficient in these enzymes duplicate plasmids,
knots, if one can find a relation between knot topology andout are unable to decatenate them: in the electron microscope
average interstrand distance. Knotted DNAs are generated lmne observes catenated plasmids with roughly one
site-specific recombination enzymEg22], and their confor- right-handed catenation per DNA persistence lefgth23,
mational statistics are not well understood. in agreement with the arguments described ab@emark-
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ably, no systematic study has been done of the number afar chromosomal DNAgup to 10 bp) in eukaryotic cells.

catenations left in plasmids as a function of plasmid)size Eukaryote chromosomes are made up of “chromatin fibre,”
How can decatenases work? The following scheme haSOnsisting of DNA wrapped around protein complexes called

been suggested by Zechiedrich and Cozzafal]; the re- nucleosomes. There is one nucleosome every 200 bp, and in

sults of this paper indicate how thermodynamics can play '€ €léctron microscope the resulting fiber looks like a long

role in it. Consider two dsDNAs with positive catenation ead necklace. Chror_natln fier has a persistence length of

: ; roughly 50 nm, containing about 1 kb of DN&ecall that

0:<0.01: no locally a_ctlng_ decatenase can effectively sepa~pare” DNA has a persistence length of 150)bj24]. The

rate them. However, imagine that the circles are now negagrguments of Sec. Il indicate that topo Il will reduce the

tively supercoilede.qg., by the action of gyrase, which drives catenation of chromatin fibreghe nucleosomes are added

o to high negative values using energy from ATP hydroly-onto bare patches of DNA slightly downstream of the repli-

si9). Supercoiling will increase the stress actingfweerthe  cation fork[25]) to belowo.=0.001. However, for a Fobp

two catenated moleculéthe relevant free energy is that of a chromosome, this leaves €4.0".

toroidal catenane with fixed Cand fixed double-helix Lk’s If the number of bp per persistence length of chromatin

and can be estimated by means similar to those used in thj¥ere systematically increased, the results of Sec. Il indicate

papej. This stress will guide decatenase to remove both céhat topo Il would in um systematipally remove this rema-
ant Ca. In fact, following DNA replication, eukaryote chro-

and Lk, since a locally acting decatenase will be unable td!

T : . mosomescondensealong their length and become visible
distinguish between inter- and intramolecule strand passag st as long, apparently flexible strings, which then become

however, the continued action of gyrase will replenish Lkaiher inflexible fat sausages. Condensation causes gradual

andnot Ca. The end effect is a systematic reduction of Ca tGstiffening and shortening of the chromosomes, both effects

zero, accompanied by negative supercoiling of the two plasplausibly favoring the removal of catenations, and other en-

mids. Note that supercoiling-induced crowding will also tanglements. The same phenomena might be studied in the

thermodynamically drive the removal of mutual and self-test tube if one could monitor the level of entanglement of

knots of the chains. DNAs as a function of persistence length which might be
In addition to explaining how decatenase could work, thisaltered using DNA-binding proteins or by adjusting ionic

suggests why plasmids are generally negatively supercoileg¢onditions.

and implies that the efficiency of decatenation will drop if
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